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The dissertation consists of the author’s published papers on logic-based fuzzy mathe-
matics. It is accompanied with a cover study (Part I of the thesis), which introduces
the area of logic-based fuzzy mathematics, argues for the significance of the area of re-
search, presents the state of the art, indicates the author’s contribution to the field, and
comments on the papers comprising the thesis.

Fuzzy mathematics can be characterized as the study of fuzzy structures, i.e., math-
ematical structures in which the two values 0, 1 are at some points replaced by a richer
system of degrees. Under the logic-based approach, fuzzy structures are formalized by
means of axiomatic theories over suitable systems of fuzzy logic, whose rules replace
the rules of classical logic in formal derivation of theorems. The main advantages of the
logic-based approach are the general gradedness of defined notions, methodological clarity
provided by the axiomatic method, and the applicability of a foundational architecture
mimicking that of classical mathematics. Logic-based fuzzy mathematics is part of a
broader area of non-classical mathematics (i.e., mathematical disciplines axiomatizable
in non-classical logics), as well as a specific subfield of general fuzzy methods. Following
earlier isolated developments in logic-based fuzzy set theory and arithmetic, a systematic
logic-based study of fuzzy mathematics was made possible by recent advances of first-
order fuzzy logic that opened the way for Henkin-style higher-order fuzzy logic (or simple
fuzzy type theory), which is capable of serving as a foundational theory for logic-based
fuzzy mathematics. The author’s contribution to the development of logic-based fuzzy
mathematics has been presented in the published papers that comprise the main body of
the thesis.

The paper On the difference between traditional and deductive fuzzy logic clarifies
methodological assumptions of formal fuzzy logic, contrasts them to those of traditional
fuzzy mathematics, and indicates necessary conditions on systems of fuzzy logic suitable
for logic-based fuzzy mathematics as developed in this thesis. The paper From fuzzy logic
to fuzzy mathematics: a methodological manifesto (co-authored by P. Cintula) formu-
lates methodological guidelines for logic-based fuzzy mathematics and proposes a founda-
tional architecture analogous to that of classical mathematics, with three layers formed
by first-order fuzzy logic, a foundational theory axiomatized in fuzzy logic, and particular
mathematical disciplines developed within the foundational theory.

The paper Fuzzy class theory (co-authored by P. Cintula) introduces Henkin-style
higher-order fuzzy logic (also called Fuzzy Class Theory or FCT) as an axiomatic ap-
proximation of Zadeh’s notion of fuzzy set, and proposes it as a foundational theory for
logic-based fuzzy mathematics. Metatheorems are proved for FCT that reduce a large
part of elementary fuzzy set theory to propositional fuzzy logic, and the interpretability
of classical higher-order theories in FCT (by which classical mathematical structures are
available within the theory) is shown in the paper.

The paper Relations in Fuzzy Class Theory: initial steps (co-authored by U. Boden-
hofer and P. Cintula) develops the basic theory of fuzzy relations in FCT, which is a
prerequisite for all other parts of formal fuzzy mathematics. The topics studied include
basic graded properties of fuzzy relations, relational images and bounds, Valverde char-
acterization theorems, and fuzzy partitions. The paper Relational compositions in Fuzzy
Class Theory (co-authored by M. Dankovd) reduces a large family of fuzzy relational and
set-theoretical notions to fuzzy relational compositions, and presents methods for mass



proofs of theorems on these notions. The paper FExtensionality in graded properties of
fuzzy relations introduces indistinguishability-relative graded properties of fuzzy relations
and studies their relationship to the property of extensionality, to which they reduce in
traditional fuzzy mathematics, but not in the logic-based setting.

The paper Towards a formal theory of fuzzy Dedekind reals constructs fuzzy real
numbers as the lattice completion of the classical real line by fuzzy Dedekind cuts and
gives some hints for logic-based fuzzy interval arithmetics. The paper Fuzzification of
Groenendigk—Stokhof propositional erotetic logic employs FCT as the formal semantics for
a logic of fuzzy questions. Finally, the papers Topology in Fuzzy Class Theory: basic no-
tions and Interior-based topology in Fuzzy Class Theory (both co-authored by T. Kroupa)
introduce logic-based notions of fuzzy topology defined respectively by open or closed sets,
neighborhoods, and interior operators, and study their mutual relationships.
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Predlozend disertacni prace sestava z autorovych publikovanych clanku o logickych
zékladech fuzzy matematiky, doplnénych shrnujici studii (tvotici ivodni ¢ast disertace), ve
které je predstaven na formalnélogicky piistup k fuzzy matematice. Déle je v ni doklddana
dulezitost vyzkumu v tomto oboru a charakerizovan jeho soucasny stav, popsan auto-
ruv piispévek k oboru a podany komentare k jednotlivym ¢lankum, z nichz se disertace
sklada.

Fuzzy matematiku lze vymezit jako studium fuzzy struktur, tj. takovych matematic-
kych struktur, v nichz je dvojice hodnot 0, 1 na nékterych mistech nahrazena bohatsim
systémem stupnu. V pristupu zalozeném na formalni logice jsou fuzzy struktury zachyceny
prostiednictvim axiomatickijch teorii ve vhodnych systémech fuzzy logiky, jejichz pravidla
jsou pouzita pro formalni odvozovani teorému namisto pravidel klasické logiky. Hlavnimi
vyhodami logického ptistupu k fuzzy matematice jsou vseobecna gradualita definovanych
pojmu, metodologicka ¢istota dand aplikaci axiomatické metody a pouzitelnost podobné
zakladové architektury jako v klasické matematice. Na logice zalozend fuzzy matema-
tika je soucésti neklasické matematiky (tj. rodiny matematickych teorii axiomatizovatel-
nych v neklasickych logikach), a zaroven tvoii specifickou ¢ést sirstho oboru fuzzy metod.
Systematické zkoumani fuzzy matematiky v pristupu zalozeném na logice, navazujici na
predchozi ojedinélé vyzkumy podobného piistupu k teorii fuzzy mnozin a aritmetice, bylo
umoznéno nedavnym pokrokem v oblasti prvoradové fuzzy logiky. Diky nému bylo mozno
vyvinout henkinovskou fuzzy logiku vyssiho fadu (¢ili jednoduchou fuzzy teorii typt), jez
muze slouzit jako zdkladova teorie pro formalni fuzzy matematiku. Autorovy prispévky
k vyzkumu logickych zakladu fuzzy matematiky byly publikovany v ¢lancich, které tvori
hlavni cast disertace.

Clanek On the difference between traditional and deductive fuzzy logic (K rozdilu mezi
tradicni a deduktivni fuzzy logikou) vyjasinuje metodologické predpoklady formalni fuzzy
logiky ve srovnani s predpoklady tradic¢ni fuzzy matematiky a stanovuje pozadavky na
systémy fuzzy logiky vyhovujici takovému pristupu k fuzzy matematice, jaky je rozvijen
v této disertaci. V ¢lanku From fuzzy logic to fuzzy mathematics: a methodological mani-
festo (Od fuzzy logiky k fuzzy matematice — metodologicky manifest, spoluautor P. Cin-
tula) jsou formulovdany metodologické zdsady na logice zalozeného piistupu k fuzzy ma-
tematice a je navrzena jeji zakladova architektura zpusobem analogickym k zakladum
klasické matematiky, se tfemi vrstvami tvorenymi prvoradovou fuzzy logikou, v ni axio-
matizovanou zékladovou teorii a jednotlivymi matematickymi disciplinami vyvijenymi
v ramci této zakladové teorie.

V ¢clanku Fuzzy class theory (Teorie fuzzy tiid, spoluautor P. Cintula) je zavedena hen-
kinovska fuzzy logika vyssiho fadu (zvand téz teorie fuzzy tiid, zkr. FCT z angl. Fuzzy
Class Theory), jakozto axiomatickd aproximace Zadehova pojmu fuzzy mnoziny. Tato
teorie je zde navrzena za zakladovou teorii pro formalni fuzzy matematiku. V ¢lanku jsou
dokézany metavéty FCT, které redukuji znaénou ¢ést elementarni teorie fuzzy mnozin na
vyrokovou fuzzy logiku, a je ukdzana interpretovatelnost klasickych teorii vysstho fadu
v FCT (diky niz jsou v FCT k dispozici klasické matematické struktury).

V ¢lanku Relations in Fuzzy Class Theory: initial steps (Relace v teorii fuzzy tiid —
pocatecni kroky, spoluautofi U. Bodenhofer a P. Cintula) jsou v rdmci FCT vybudovany
zaklady teorie fuzzy relaci, jez tvoii nezbytny predpoklad zkouméani ostatnich partii fuzzy
matematiky. V clanku se zkoumaji zejména zakladni gradualni vlastnosti fuzzy relaci,



obrazy, zavory, valverdovské charakterizace a fuzzy rozklady. V ¢lanku Relational composi-
tions in Fuzzy Class Theory (Skladani relaci v teorii fuzzy tiid, spoluautorka M. Darkova)
popisuje redukei rozsahlé rodiny pojmu teorie fuzzy relaci a fuzzy mnozin na pojem sklé-
déni fuzzy relaci a ukazuje metodu hromadnych dikazi vét o téchto pojmech. Clének
FEzxtensionality in graded properties of fuzzy relations (Extenzionalita u gradudlnich vlast-
nosti fuzzy relaci) zavadi gradudlni vlastnosti fuzzy relaci definované relativné vuci dané
relaci nerozliSitelnosti a studuje jejich vztah k vlastnosti extenzionality, s niz v tradi¢ni
fuzzy matematice splyvaji, v piistupu zalozeném na logice se vSak od ni lisi.

Clanek Towards a formal theory of fuzzy Dedekind reals (Pfedbézné poznamky k for-
malni teorii dedekindovskych fuzzy redlnych ¢isel) podava konstrukei fuzzy redlnych cisel
pomoci svazového zuplnéni klasické realné ¢iselné osy fuzzy dedekindovskymi fezy a uvadi
nékteré vysledky potrebné k vybudovani fuzzy intervalové aritmetiky. V ¢lanku Fuzzifi-
cation of Groenendijk—Stokhof propositional erotetic logic (Fuzzifikace vyrokové Groenen-
dijkovy—Stokhofovy erdtetické logiky) je aparat FCT pouzit jako formalni sémantika pro
logiku fuzzy otazek. V zavérecnych ¢lancich Topology in Fuzzy Class Theory: basic notions
(Topologie v teorii fuzzy tiid — zdkladni pojmy) a Interior-based topology in Fuzzy Class
Theory (Topologie definovand pomoci operdtoru vnittku v teorii fuzzy tiid, spoluautor
obou ¢lanku T. Kroupa) jsou v rdmci pristupu zalozeném na logice zavedeny pojmy fuzzy
topologie definované pomoci otevienych ¢ uzavienych mnozin, okoli bodu a operatoru
vnitiku a prozkoumény jejich vzajemné vztahy.



